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The disclination in Lorentz space-time is studied in detail by means of topological properties of cj>- 
mapping. It is found the space-time disclination can be described in term of a Dirac spinor. The size 
of the disclination, which is proved to be the difference of two sets of su(2)-like monopoles expressed 
by two mixed spinors, is quantized topologically in terms of topological invariants— winding number. 
The projection of space-time disclination density along an antisymmetric tensor field is characterized 
by Brouwer degree and Hopf index. 

"(^". PACS Numbers: 04.20.GZ, 02.40.-k, 11.15.-q 

O' 
O 

(N 

>.■ 



I. INTRODUCTION 



The topological defects certainly offer interesting arena for the study of astrophysics and cosmology. These are 
objects that may have formed during phase transitions in the cooling down of the Early-Universe and may have 
played a key role in the formation of the large scale structure of the universe mainly through their gravitational 
interaction ||l|,||. 

_i ' As a kind of topological defect, the disclination is caused by inserting a solid angle into the flat space-time, which 

►;>. . is described by the Ricmannian curvature R^^^ or S'0(4) (50(3, 1) in Lorentz space-time) gauge field tensor 2-form 

in. 

§ : d^'^ -R'^^.ele'^'dx^ A dx'' - -F^' (1) 

T-H ; 

0^ in which 9°^'^ is the disclination density. The size of the disclination can be represented by the means of the surface 
^S ■ integral of the projection of the disclination density along an antisymmetric tensor field 0"'' 

^; n^ i 6'"V'' = - / F'^V"'' (2) 

(^' ..... ^^ . . . 

• • . where S is a closed surface including the disclinations. The new quantity fl defined by (H) is dimensionless. In 

. !^ ' Riemann-Cartan geometry, this effect is showed by the integral of the affine curvature along a closed surface. Duan, 

^^ , Duan and Zhang 0] had discussed the disclinations in deformable material media by applying the gauge field theory 

^ ' and decomposition theory of gauge potential. In their works, the projection of disclination density along the gauge 

. . . parallel vector was found corresponding to a set of isolated disclinations in the three dimensional sense and being 

topologically quantized. 

In previous publication [H , we studied the topological structure of disclination in the 4-dimensional space-time of 
Euclidean signature. With suitable coordinates, the projection of disclination density along a gauge parallel tensor 
was found to be null everywhere except some singular points where it has three dimensional (5-function singularities. 
In fact, just like the magnetic monopole theory, the topology of disclination projection is described by the U{1) 
projection of the gauge group. For so(4) = su{2) (8) su{2), the task is turned to find the topology of the subgroup 
L/(1)0[/(1). 

However, in physics we are more interested in the space-time of Lorentzian signature. There is no way in extending 
the methods to the case of indefinite metric, because the Lorentz group 5'0(3, 1) is not, like SO{A), decomposable 
into a product of SU{2) groups. In the present work, we find a proper way to obtain the U{1) projection of the 
Lorentz group by making using of spinors. ^-function singularities of the projection of the disclination density are 
found again. The size of the space-time disclination (g) is found to be a difference of two sets of solid angles rather 
than a sum. The topological structure of the disclination is discussed in detail. 



*E-mail: lisheng@itp.ac.cn 



II. THE GAUGE THEORY OF LORENTZ GROUP AND DISCLINATION PROJECTION 

In this paper, we use a — 1, 2, 3, 4 to denote the Lorentz script with the fourth component be pure imaginary and 
the signature of the metric of Lorentz group is (+ + ++). 

Let the four-dimensional Dirac matrix 7^ are the basises of Chfford algebra which satisfies 

7a 76 + 767a = 2(5afc. (3) 

The antisymmetric tensor field 0"^ on M can be expressed in the following matrix form 



2 
in which lab are the generators of the group 5*0(3, 1) 



1 __ 

6- 



^r'ln 



4 
The covariant derivative 1-form of (f> is given by 

D(j)^ dcf)- [lj,<J)], 
where lu is the spin connection (gauge potential) which is also Lie algebra-valued 

1 



Ir 1 

lab ^ 7i7a,76j- (4) 



LU = -W»^/afc. (5) 



The curvature 2-form (gauge field) is 

F ^dcj -uj ALU. (6) 

Take the chiral representation 



The generators lat are 



■--^l.'o) ^«- Ul- P> 



'" - 5^«' ( "o' n) '"-li "o -n I ' '*' 



in which i,j = 1,2,3. In the chiral representation the gauge field is presented as 

F = ^F-'lab 



where Fji and Fl are defined as 



2 V \F''e^,k<Jk - 2F^V, 

Fr \ 

fl r 



(9) 



Fr - '-iy^^'^F^'' + F*4)a, F^ - ^(ie^^'^FJ"'^ - F'^)a,. (10) 

Also we can define lur and ujl as 

^R = '-{^e'"'uj''' + iu'')a, LUL - '-{^-e'^^Lu^'' - uu'^)g,. (11) 

It can be proved that 

Fr = dujR-ujRAujR Fl ^ dujL -UJL AujL- (12) 



There exist the relations 

4 = -Fl uj^r = -uJL- (13) 

A Dirac spinor il> can be written as 

where XR ^nd xl are the right-handed Weyl spinor and left-handed Weyl spinor respectively. The Dirac spinor ip 
transforms under S G 5*0(3, 1) as 

V- ^ Sip. (15) 

The covariant derivative of ip is 

Di; = dtp~ uj^p. (16) 

For the Dirac conjugate spinor 

Vi = V'^74 = (xLxl,), (17) 

the covariant derivative is 

D{i;^dtp + ■4)UJ. (18) 

Then the covariant derivatives of X-R,l and x^^ ^ are 

DXR = dxR - i^RXR DxL = dxL - (^lXl (19) 

dA = dxi + X^UJR Dxl = dxl + xl^L. (20) 

Define an antisymmetric tensor 0"'' as 

r^ = -\i>Iab^ (21) 

It is easy to prove 0°^ is a 5*0(3, 1) covariant tensor with 0*-' (i, j — 1, 2, 3) are real and i/)*^ are pure imaginary. Then 
the projection of curvature 2-form F°-^ on 0"^ is 

pab^ab ^ _l^p^ (22) 

Therefore, we get the disclination projection density in Lorentz Space-time as 

Fp ^ -F"-^4>"-^ = i^FiP (23) 

which is a Lorentz invariant. 
Noticing that 

F^ = -D^i:, (24) 

we get 

- {-{pFijj = iD{-{jjDijj) - iDi) A Dtp. (25) 

For ipDip is a Lorentz scalar, we have 

iD{'4)Dip) = id{'4)Dip) 

= id-4;Adtp- id{-tpu}tp) . (26) 

Denote the projection of the connection 1-form cj"'' on 0"^ as 

A = w"V"'' = -iipto-ip. (27) 



Substituting equations (25), (|2^) and ( p,7\) into the disclination projection density (|23|), we get 

Fp = -id'tjj A dijj - dA + iDtfj A Dip 



-idxl ^ dxR - idxn A dxL ~ dA + iDip A Dip. (28) 



Define two mixed spinors as 



i+ = liXR + XL) (29) 

i-^liXB^-XL). (30) 

We get the dischnation projection density in terms of the mixed spinors 

Fp = -2id£_l A d^+ + 2id£_l A d^_ +dA + iD^P A Dip. (31) 

Choose proper ip such that 

ip'ip — 4 and ipip = Oj 

which makes ^_|_ and ^_ satisfy 

eU+ - ^U- - 1- (32) 

For the nontrivial topology of space-time, there must exist some points where the mixed spinors ^± are singular. 
Therefore Fp is not a total derivative globally. For the mixed spinors do not transform covariantly under the Lorentz 
transformation, the first term and the second term of the disclination projection density ( pl|) do not remain invariant 
under the Lorentz transformation respectively. However, the total disclinations projection density Fd do hold invariant. 
Define two vectors Uj. as 

ni-d^*e±, (33) 

which make n!|_ be unit vectors 

n^n^ = 1. (34) 

Substitute (p3) into the first and the second terms of the right hand side of equation (Bw, it can be proved 

- 2id^l A dC± = ie'^'^Tiltd^i A dn^ . (35) 

The definition ( p3| ) actually gives a Hopf map 

S^ -> 5^ (36) 

and equation ( p5| ) gives two su(2)-like monopoles [§|,^. If "0 is taken as a gauge parallel spinor 

Di; = 0, (37) 

the disclination projection density becomes 



2 + + +2 



Fp = -e'^''n\dn\ A dn^ - -e'^''n'_dnL A dn*L + dA. (38) 



Then the size of the space-time disclination is 

n= I -e'^''n\dn\_ A dn^ - -e^^^n'_dn^_ A dnt + dA. (39) 

Js 2 2 

For the surface S is closed, the third term of the right hand side of (p9|) contribute nothing to Jl, i.e. 



's 
Using Stokes formula, 51 can be expressed as 



n= (f l-e'^''n\dn\_ A dn\ - \e^^^nLdni A dn'l. (40) 

/s 2 2 



n= ( le'^''dn\ A dn{ A dn'l - \e'^^dn'_ A dni A dn^, (41) 



2^ '^ ++""■"+ 2^ 



in which 9y = E. Let us choose coordinates y = (u"'^, u^, v? , v) on M such that u — (u^, u^, u^j are intrinsic coordinate 
on V . For the coordinate component v does not belong to V ^ U, becomes 

n^ j ile'^''dan\dpn^djn'l - l-e'^''dc,nldpni,djnt)du" A du'^ A du'^ 
Jy 2 2 

Jy 2 2 

where a, /?, 7 = 1, 2, 3 and da = d/du". Define solid angle densities as 



Then we get 



p = ]-e''^e'"^^dan\d0n'+d^nX - ]-e''''e''^''dan'_dpnld^n'l. (42) 



n = / pd^u. (43) 

Jv 



III. TOPOLOGICAL STRUCTURE OF THE SPACE-TIME DISCLINATION 

Now one see the final equation (B3) is similar to that of space-time of Euclidean signature in the previous paper 
except the disclination size is a difference rather than a sum. 
The unit vectors n!^, can be express as 



m 



(44) 



where 0j_, are smooth vectors along the direction of n!|_ respectively. Substituting it into ([42|), and using the Laplacian 
relation we can obtain the topological structure of the disclination in Lorentz space-time 



and 



p = 47r5^((/)+)J(-^)-47r5'^(0_)J(-^) (45) 

u u 



n^AiT {S''{(l)+)J{:^)-S%(j)-)J{-^))d-'u. (46) 

Jv u u 



in which the Jacobian J(— ) are 



e^J-fe j(^) = e''P-'da^^dp<j,^d^<j,\. (47) 



Suppose that (j)±{x), possess K± isolated zeros respectively, the solutions of <p±{u^ ,v? .u^ ,v) ~ can be expressed 
in terms of u = (u""^, u^, u^) as 

e = z\v), i = l,2,3 (48) 

and 

ct^\zl{v),zKv),zf{v),v)^0, (49) 



where the subscript I — 1,2,- ■ ■ ,K represents the /th zero of 0% i.e. 

^^{zi)^0, l = l,2,---,K±; A =1,2,3. (50) 

It is easy to get the following formula from the ordinary theory of (5-function that 



SH<t>±)J{ — ) = V f3±iV±iS'{u ~ z±0, (51) 

i=l 

in which 

r]±i = signJ{ )|x=2±, = ±1 (52) 

is the Brouwer degree of i/i-mapping and I3±i are positive integers called the Hopf index of map (j}± which means 
while the point x covers the region neighboring the zero x = z±i once, (j)± covers the corresponding region f3±i times. 
Therefore the slid angle density becomes 

p = AttY,P+iV+i5^{u -z+i)~ AnY^P-iV-iS^iu - z-i) (53) 

1=1 1=1 

and 

rj = 47r^/3+,?7+,-47r^/3_,77_i. (54) 

1=1 1=1 

It is obvious from (jsj) that the size of the space-time disclination is quantized for topological reason. 
In fact the winding numbers W±i of the map (j)± around the zeroes z±i are 

W±i = f3±ir]±i 

Hence, the space-time disclinations is quantized by the winding numbers as 

K+ K- 

rj = 47r^W+,-47r^VK_,. (55) 

1=1 1=1 

or by the winding numbers of the map 0-|- around the surface E 

Q.^AnW+~ATTW-. (56) 

The winding number W± of the surface S can be interpreted or, indeed, defined as the degree of the mappings 0± 
onto S. Then the space-time disclination is 

ri = 47rdeg0+ -47rdeg0„. (57) 

We find that (pi^ ) is the exact density of a system of Kj^ and K^ classical point-like objects with quantized "charge" 
/3+j?7+; and j3-iri^i in space-time, i.e. the topological structure of disclinations formally corresponds to a point-like 
system. These point objects may be called disclination points as in nematic crystals [0. In jg], it was shown that the 
existence of disclination points is related to a kind of broken symmetries. The dislocations and disclinations appear 
as singularities of distortions of an order parameter ||9|. In our paper, the disclination points are identified with the 
isolated zero points of vector field (jfj^{x). From (HS) we know that these singularities are those of the disclination 
density as well. 

IV. CONCLUSION 

In this paper, we have studied the topological structure, global and local properties of disclinations in the general 
4-dimensional Lorentz space-time. By defining an antisymmetric tensor in terms of a Dirac spinor, we get the 
disclination projection density. The projection of disclination is proved to be the difference of two sets of isolated 



disclinations, each of which corresponds to a su(2)-hke monopole expressed by some mixed spinor. We showed that 
the size of space-time dischnation is quantized topologicaUy. The positions of the dischnations are determined by the 
zeroes of two mixed spinors. And the Hopf index and Brouwer degree classify the dischnations and characterize the 
local nature of the space-time disclinations. For this quantization of the size of the space-time disclinations is related 
to the space-time curvature directly, it has close relationship with the quantization of space-time. 
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